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Abstract-A general, difference equation approximation is described for differential systems which 
are conservative. The difference equations conserve exactly the same invariants as do the differential 
systems, and hence, can be characterized as computer physics. Motivation for the formulas is devel- 
oped by consideration of motion under the force of gravity. The methodology is applied to a new, 
dynamical model of the chemical bond. 
1. INTRODUCTION 
To a significant degree, the explosion of knowledge in the physical sciences since 1950 is attrib- 
utable to the ability to solve difference equation approximations of differential systems through 
modern computer technology. Nevertheless, lost to these difference systems were fundamental 
invariants which were characteristic of the differential system, like conservation of energy. 
In this paper, we will describe a new approach to difference equation approximations of dif- 
ferential systems which contain inherently the same invariants as the differential systems. The 
fundamental formulas will be derived from a discussion of motion under the force of gravity. 
This discussion will then be extended to arbitrary distance dependent potentials. Finally, we will 
discuss an application to a new model of the chemical bond. 
2. GRAVITY AND THE FUNDAMENTAL FORMULAS 
Let At > 0 and consider a clock which records the times t, = n(At), n = 0, 1,2,3,. . . . At time 
to let a vertically falling body P of mass m have height 20 above ground and have velocity vs. 
The values zc and ~0 are called the initial data. At time t,, let the height of P be zn = z(tn), let 
its velocity be w(tn) = wn, and let its acceleration be a, = a(t,). It is well known experimentally 
that, under the force of gravity alone, 
a, = -980cm/sec2. (2.1) 
We now relate height, velocity and acceleration by the difference equations 
G&+1 - 2, %+1 + %I 
At = 2 ’ (2.2) 
a 
%+1 - %I 
n= At ’ 
Next, we assume that the motion of P is determined by the dynamical equation 
(2.3) 
F, = ma,, (2.4) 
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in which F,, = F(t,) is the force of gravity acting on P at the time t,. Finally, we introduce the 
concepts of kinetic energy K(t,) = K, and potential energy V(t,) = V, by 
K, = ;m,;, (2.5) 
V, = 980mx,. (2.6) 
We now show that the difference formulation (2.2)-(2.6) conserves exactly the same energy as 
is found in classical continuum mechanics. For this purpose, define the work IV, by the difference 
sum 
72-l 
W, = c(xi+l - xi)Fi. 
i=l 
Then, (2.1), (2.4), and (2.7) imply 
n-1 n-1 
W, = c(xi+, - xi)mai = -980m c(xi+, - xi) 
so that 
i=l i=l 
IV, = -v, + ve. 
On the other hand, (2.2), (2.3), and (2.7) imply 
(2.7) 
-980mx, + 980mx0, 
P-8) 
n-1 n-1 
IV, = C(xi+l - xi)mai = mx(xi+l - Xi) 
i=l i=l ri+ii vi) 
n-1 
CC 
n-1 
=m 
Xi+1 - Xi 
(vi+1 - wi) = m C 
i=l 
At > i=l 
so that 
W,=K,-Ko. (2.9) 
Elimination of W,, between (2.8) and (2.9) then implies 
(vi+1‘2+wi) (Vi+1 -vi) 
Kn+Vn=Ko+Vo,n=0,1,2,3 ,..., (2.10) 
which is the classical law of conservation of energy at each time t,, because K, and V, in (2.5) 
and (2.6) are the classical definitions of kinetic and potential energies. 
Of basic importance in the above discussion are the difference equations (2.2) and (2.3). These 
particular forms resulted in telescopic sums in the derivations of (2.8) and (2.9) and will be 
extended next to general, distance dependent potentials. Note also that for conservation of 
energy, one must choose the same potential as in continuum mechanics. 
3. N-BODY PROBLEMS 
Interest in N-body problems for general, distance dependent potentials is extensive (see, e.g., 
references [1,2] and the numerous additional references contained therein). Our aim now is to 
develop an energy conserving numerical method for this class of problems. Our approach will 
generalize the methodology of Section 2. The importance of N-body problems lies not only in the 
study of gravitation, but also in the fact that all matter is composed of atoms and molecules, for 
which N, the number of atoms or molecules, may be large but is always finite. This observation 
is the basis of the currently popular molecular dynamics simulations of dynamical phenomena. 
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For clarity, let us proceed first in one space dimension with N = 3. Extension to two and three 
space dimensions with N arbitrary will be described after the present discussion. Throughout 
this section, cgs units are used. 
For i = 1,2,3, let Pi of mass rni be in motion on an X axis and be at xi at time t. Let 
the positive distance between Pi and Pj, i # j, be rij, with rij = rji. Let $(rij), given in ergs, 
be a potential for the pair Pi, Pj. Then the Newtonian dynamical equations for the three-body 
interaction are 
d2xi 84 (xi - Xj) 
midt2=--’ 
34 (Xi - Xk) --. 
dTij Tij arik rik ’ 
i = 1,2,3, (3.1) 
where j = 2 and k = 3 when i = 1, j = 1 and Ic = 3 when i = 2, j = 1 and k = 2 when i = 3. 
In two dimensions, the system (3.1) need only be increased to six equations by including the 
equations for the yi coordinates. In three dimensions one need then only add three additional 
equations for the ri coordinates. For an N-body problem, the right side of (3.1) need only be 
expanded so as to include N - 1 force components, each contributed by a particle different from Pi. 
Fundamentally, then, our problem is to show how to solve the conservative system (3.1) from 
given initial data. We will do this numerically by a methodology which conserves exactly the 
energy of the given system. 
4. NUMERICAL METHODOLOGY 
For At > 0, let t, = nAt, n = 0, 1,2,3,. . . . At time t, let Pi be at xi,% with velocity ~li,~, 
and denote the distances ]PiPz], IPI Psi, (P2P3) by rrs+, ~rs,~, ~23,~, respectively. We now 
approximate the second order differential system (3.1) by the first order difference system 
xi,n+l - Xi,% 
At = i (%n+l + Vi,n) , (4.1) 
mi 
Vi,n+l - V&n = _ dTij,n+l) - 4cTij,n) . (X&n+1 + Xi,n) - (zj,n+l + xj,rz) 
At rij,n+l - rij,n Tij,n+l + rij,n 
_ dTik,n+l) - d(Tik,n) . (xi,n+l + xi,n) - (xk,n+l + xk,n) 
Tik,n+l - Tik,n rik,n+l + rik,n 
7 
(4.2) 
where j = 2 and k = 3 when i = 1, j = 1 and k = 3 when i = 2, j = 1 and k = 2 when i = 3. 
System (4.1)-(4.2) constitutes six implicit recursion equations for the unknowns xi,n+r , vi,n+l, 
i = 1,2,3, in terms of the six known xi,+, vi,+, i = 1,2,3, and these equations can be solved 
readily by the generalized Newton’s method [3]. 
Let us show now that, in fact, (4.1)-(4.2) are energy conserving. For this purpose, define IV, 
att,,n=1,2,3 ,..., by 
n-l 3 
WTZ = F r mi(Xi,k+l - X&k) 
%,k+l - vi,k 
k=O i=l > At ’ 
Then, elimination of the x terms in (4.3) by means of (4.1) yields 
wn22( ml&+1 - ml& + m2$k+l - m2$ + m3$k+l - m3v:,k) 
k=O 
= 
f( mlv?,, + m2v& + m3& - mlv5,0 - m2vZ,o - m3v3”,o L 
so that, in terms of system kinetic energy K, 
(4.3) 
wn=K,-Ko. (4.4) 
112 D. GREENSPAN 
Next, elimination of the v terms in (4.3) by means of (4.2) and using the notation 4(rij) = & 
yields, with some algebraic manipulation, 
n-l 
wm = c (-412$+1 - 413,kfl - 423,k+l + 412,/c + 413,k + $23,/c), 
k=O 
so that, in terms of the system potential energy, 
wn = -4n + 40. (4.5) 
Elimination of IV, between (4.4) and (4.5) then yields the classical law of conservation of energy. 
5. THE CHEMICAL BOND 
Fundamental to many natural processes are chemical reactions, and fundamental to chemical 
reactions are the processes of bonding and/or unbonding. Unfortunately, there is no general 
theory of chemical dynamics which enables a scientist to determine the dynamics and the outcome 
of chemical reactions. With this in mind, we will explore now a new approach to the chemical 
bond which uses methodology like that developed in Section 4. 
The simplest atom is the hydrogen atom H. It has one electron and one proton. Experimentally, 
it is known that 
electron mass = (9.1085)10-28 gr, (5.1) 
proton mass = (16724)10e2* gr, (5.2) 
electron charge = -(4.8028)10-‘” esu, (5.3) 
proton charge = (4.8028)10-10 esu. (5.4) 
These physical constants and all others to be used are available in Lide [4]. 
The energy E(H) of an H atom is the energy required to remove the electron from the atom. 
This is given by 
E(H) = -(21.7956)10-l2 erg. (5.5) 
Technically, (5.5) is the ground state, or most stable, energy of H. Throughout, we confine 
ourselves to groundstates. 
Now, when two H atoms combine into a molecule, that molecule is denoted by Hz. However, 
two H atoms will bond only if energy is provided for this union. This energy, called the bond 
energy, is denoted by EB and is given by 
Es = -(7.1377)IO-12 erg. (5.6) 
Hence, from (5.5) and (5.6), the total energy of HZ is 
E(H2) = -(21.7956 + 21.7956 + 7.1377)10-l2 = -(50.7289)10-12 erg. (5.7) 
Observe next that a variety of experimental results are available for the Hz molecule. Indeed, 
the two protons in Hs vibrate with a characteristic frequency f and with a characteristic bond 
length d which are given by 
f = (1.318)1014 cycles/set = (1.318)1014H, (5.8) 
d = (0.742)10-* cm = (0.742) i. (5.9) 
Next, let us see what happens if we try to simulate the dynamical motions of the two electrons 
and the two protons in Hz. Use of Newtonian mechanics and coulombic forces is known to be 
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incorrect in the sense that the results do not yield (5.8)-(5.9). Let us do this, nevertheless, to 
see, how incorrect the results are. For this purpose, let Pi, P3 be the electrons and Pz, Pa the 
protons. In cgs units, let PI be at ?i = (xi, yi, zi) and have velocity Gi = (&, 9i, &) acceleration 
?& = (Zi, vi, &) at time t. The Newtonian dynamical equations for the motions of PI - P4 are 
miai = - ~~!$ i = 1,2,3,4, 
j=1 
j#i 
(5.10) 
in which rni is the mass of Pi and ei is its charge. The total energy of the system is 
-(50.7289)10-12 = ;(9.1085)10-28 ($ + TJ;) + ;(16724)10-28 (~2” + ~~42) 
+ (23.06689)10-20 -$ + $ - h _$+‘_’ . 
r24 T34 > (5.11) 
To solve system (5.10) numerically, it is convenient to make the transformations 
R’. = l(p+ 
z (9 (5.12) 
T = 1O22 t. (5.13) 
In these variables, (5.11) reduces to 
-(50.7289)10-4 = ; (9.1085)(V,2 + V3”) + $(16724) (Vz” + V4”) 
+ (23.06689) -& + & - & - & +-F-2- 
R24 > R34 ’ (5.14) 
In the Z!i coordinates, we now set PI, P2, P3, P4, respectively, at (0,0,4500), (4000,0,0), 
(O,O, -4500), (-4000,0,0). In addition, we choose a(P2) = c(P4) = 0’ and I = (0, V,, 0) = 
-v(P3). Hence, V, can be determined from (5.14) and all initial data are known. The differential 
system is now solved by the method of Section 4 so that the energy is constant at every time 
step. The frequency and diameter results are 
f = (2.20)1014 H, 
d = 0.77Oi. 
(5.15) 
(5.16) 
Although (5.16) is in good agreement with (5.9), (5.15) d eviates unacceptably from (5.8). 
However, since quantum mechanics assumes shielding, that is, that the two electrons, by virtue 
of the presence of the protons, repel with an effective force which is less that that of full coulombic 
repulsion, we repeated the above calculation, but decreased the repulsive electron force by the 
factor 0.9. The vibrational frequency then decreased to (2.13)1014H. Encouraged by this reduc- 
tion, we continued this mathematical playfulness and proceeded to decrease the factor 0.9 until 
it was 0.0001. The vibrational frequency decreased accordingly to (1.78)1014 H. But this result is 
about halfway toward the correct result (1.318)1014 H. So, we proceeded through zero and chose 
negative factors until the coulombic force between the electrons was multiplied by -1.0. The 
final results were 
f = (1.366)1014 H, 
d = 0.776& 
(5.17) 
(5.18) 
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which are entirely within experimental error of the average results (5.8), (5.9). However, multipli- 
cation by -1 of the coulombic repulsion between the electrons implies that the bonding electrons 
are attracting, not repelling. 
We then tested the idea that the chemical bond is the result of electron attraction by applying 
it to all the diatomic molecules through 02, and in all cases, correct frequencies and diameters 
resulted [5]. Correct results followed also using isotopes of hydrogen [6]. 
Note that electron attraction is not unknown in physics and chemistry. It is basic in the 
quantum mechanical theory of superconductivity [7] and in the valence-shell electron pair theory 
of directed valency [S]. 
Finally, note that recent particle assumptions on a subquark structure of the electron may 
yield a mechanism for electron attraction in chemical bonding [9]. 
6. REMARKS 
The energy conserving formulation of Section 3 has the unique property that it conserves all 
the fundamental invariants of system (2.1), that is, it conserves also linear and angular momen- 
tum [lo]. Moreover, it is covariant under translation, rotation and uniform relative motion of 
coordinate systems [lo]. If one wishes to conserve only energy and linear momentum, the high 
order difference methodology is available [11,12]. 
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